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Abstract Both the shape of individual particles and
their surface properties contribute to the strength of a
granular material under shear. Here we show the degree
to which these two aspects can be intertwined. In exper-
iments on assemblies of 3D printed, convex lens-shaped
particles, we measure the stress-strain response under
repeated compressive loading and find that the aggre-
gate’s shear strength falls rapidly when compared to
other particle shapes. We probe the granular material at
mm-scales with X-ray computed tomography and µm-
scales with high-resolution surface metrology to look
for the cause of the degradation. We find that wear due
to accumulated deformation smooths out the lens sur-
faces in a controlled and systematic manner that corre-
lates with a significant loss of shear strength observed
for the assembly as a whole. The sensitivity of lenses
to changes in surface properties contrasts with results
for assemblies of 3D printed tetrahedra and spheres,
which under the same load cycling are found to exhibit
only minor degradation in strength. This case study
provides insight into the relationship between particle
shape, surface wear, and the overall material response,
and suggests new strategies when designing a granu-
lar material with desired evolution of properties under
repeated deformation.
1 Introduction
In a granular material, particle shape changes the man-
ner in which surfaces meet to support stress, whether
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by edges, corners, or surfaces with different radii of cur-
vature. Shape also determines the resistance particles
experience toward reconfiguring along rotational and
translational degrees of freedom. As a result, particle
shape greatly affects the bulk properties of granular ma-
terials [1,2,3,4]. Aggregates of angular particles have
higher shear strength than those of rounded particles
[5,6,7], and platy particles tend to plastically deform
with larger stress fluctuations than compact shapes [8].
While particle shape drives how contacting surfaces
meet, the nature of the surfaces themselves tells the
rest of the story. Many mechanical properties of gran-
ular materials have been found to depend strongly on
the surface roughness of the particles [9,10,11,12,13,
14]. The process of plastic deformation erodes contact-
ing surfaces and causes the properties of the granular
material as a whole to evolve. In geology, faults and the
gouge between them scrape against one another, trans-
forming the shape of the grains, their size dispersion,
and the roughness of all surfaces over time [15,16]. In
railroad engineering, wear and degradation undergone
by the ballast beneath the rails results in an overall loss
of shear strength, necessitating frequent maintenance
and replacement [17].
Here we study the intertwined roles of particle shape
and surface properties in a granular material by way of
one particular shape’s propensity to wear down under
repeated shear. We utilize 3D-printing to create thou-
sands of identical particles and employ automated sur-
face metrology to measure statistically representative
samples of particle surfaces as an increasing number of
compression tests are performed. Comparing assemblies
of particles, we find a striking change in behavior for
convex lens-shaped particles and only marginal evolu-
tion for sphere and tetrahedron particles. From this we
infer that the macro-scale behavior of the granular ma-
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Fig. 1 (a) Raw stress-strain data for every third uniaxial compression of an assembly of lens-shaped particles under fixed con-
fining pressure of 20kPa, showing rapid degradation of the plateau stress in the large strain regime. For successive compression
tests, all particles were re-used, but poured anew into the confining membrane so as to generate the same initial conditions
for each test. (b) Angle of internal friction versus compression test number for tetrahedra, spheres, and two different sets of
lenses.
terial can dramatically magnify changes that occur at
the micro-scale, especially for particles whose dominant
mechanism of relative motion under shear is sliding.
In particular, we show by combining x-ray tomography
with high-resolution surface metrology that the degra-
dation of strength of the lens particles is correlated with
small changes in the particles’ surface roughness, while
the overall particle shape and the distribution of con-
tact locations on the particles’ surface remain essen-
tially the same.
2 Methods
All particles were 3D-printed from UV-cured hard plas-
tic (Young’s modulus Emat ∼ 1GPa) using an Objet
Connex 350 printer with a resolution of ∼ 30µm. Each
particle’s volume was 22.5mm3. The lens particles used
here were composed of the intersection of two spheres
such that their surfaces meet at a latitude of 45 degrees.
The short and long axes of a lens particle were 2.1 and
5.1mm, respectively.
For each uniaxial compression test, approximately
five thousand particles were poured randomly into a
cylindrical, 0.6mm thick latex membrane, 5.0cm in di-
ameter, to form a column with aspect ratio 2:1 (height
to diameter). A vacuum pump evacuated the interior
of the column, applying an isotropic confining pressure
σconf = 20kPa. Uniaxial compression tests were per-
formed on an Instron 5800 series materials tester under
displacement-controlled loading conditions. The tests
were run with a strain rate of ˙ = 8 × 10−4 s−1 (0.05
min−1), where the strain  is the fractional axial dis-
placement relative to the uncompressed column height.
For successive compression tests, all particles were re-
used, but poured anew into the confining membrane so
as to generate the same initial conditions for each test.
To quantify the shear strength of the bulk granular
material, we use the angle of internal friction ψ, cal-
culated as in [8] from stress-strain data in the regime
where steady-state plastic deformation occurs (0.1 ≤
 < 0.2). We associate strains greater than 0.1 with
a regime referred to in soil mechanics as the critical
state [18], where stress levels off and fluctuates around
a mean value as the packing restructures via nonaffine,
dissipative particle rearrangements As the lens particles
wear down, the assembly does not necessarily reach a
constant plateau stress by the end of compression. Nev-
ertheless, an average of the stress values in the regime
0.1 ≤  < 0.2 gives a reproducible measure of the degra-
dation of residual shear strength.
In classic soil mechanics [18], the angle of internal
friction is calculated as
sinψ =
σ3 − σ1
σ3 + σ1
=
q¯
q¯ + 2σconf
(1)
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Fig. 2 Vertical slice through the center of an assembly of
lens particles. (a) Raw tomography. (b)Reconstructed lenses.
Panel (a) shows the left half of the imaged slice, while (b)
shows the right half of the same slice.
Here σ3 and σ1 are the largest and smallest principal
stress components, equal to q¯ + σconf and σconf respec-
tively, and q¯ is the average deviatoric stress. To cor-
rect for the effect of occasional large stress drops (see
Fig. 1a) that bring the stress far below what is needed
to cause plastic deformation, we calculate the plastic
stress as the average of all of the stress values immedi-
ately preceding a stress drop [8].
The rubber membrane also applies transverse con-
fining stress due to its circumferential stretching as the
packing expands outward during compression. This cor-
rection was calculated by Henkel and Gilbert [19] to be
approximately linear in strain; for our membrane the
effect is an additional 1.4kPa at  = 0.1 and 2.8kPa at
 = 0.2, adding directly to σ1.
2.1 Computed Tomography
Computed tomography scans were taken with a C-arm
x-ray scanner that we interfaced with the Instron mate-
rials tester, as described and characterized in [20]. The
reconstruction of the total (6cm)3 imaged volume was
performed with voxels of 150µm side length; as such
each particle was represented by several hundred vox-
els.
Following techniques used to segment CT scans of
granular material [21,22,23], the raw tomography vol-
ume (Fig. 2a) was binarized and then segmented us-
ing a watershed algorithm. This successfully segmented
∼85% of the lens particles, which were then individually
fit by numerical optimization that maximized overlap
between the segmented volume and an ideal lens shape,
as done with tetrahedra in Ref.[23]. The fitted particles
were then subtracted from the binarized tomography.
The remaining, initially unresolved portions of the to-
mography contained less distinct lens particles, which
were iteratively fit and then subtracted individually.
To exclude boundary effects arising from the confin-
ing membrane, lenses within two particle widths were
excluded from our analysis. This made the region of in-
terest a 3cm diameter cylindrical core in the center of
the packing, inside which more than 99.5% of the parti-
cles were successfully fit. The reconstructed lenses can
be seen in Fig. 2b, which aligns seamlessly down the
middle with the raw tomography.
Exact determination of contacts from a tomography
of a granular packing is rendered impossible by limi-
tations arising from a combination of factors that in-
clude particle imperfections, limited imaging precision
together with uncertainties in reconstruction, and very
generally the small length scales involved in defining an
actual contact [23]. The best we can do is to find phys-
ically justifiable criteria for identifying contacts which
minimize the inclusion of ‘spurious’ contacts and the
exclusion of legitimate ones. To this end we applied a
procedure previously used with spheres [21], ellipsoids
[22,24], and tetrahedra [23]. To identify contacts in the
packing, all particles were grown by uniform dilation,
starting from the fitted centers and orientations, while
counting the total number of contacts. In the ideal case,
i.e., in the absence of tomography noise, fitting errors,
and particle imperfections, the average contact count
across all particles in the assembly should jump discon-
tinuously from zero to a nonzero value when the parti-
cles have been dilated to their actual size. More realis-
tically, the locations of the contacts can be assumed to
be afflicted by noise from a normal distribution whose
width folds in the various sources of error in the fitting
process [22]. As a result, the measured contact count is
expected to grow with the virtual particle length scale
as a cumulative normal distribution with finite width
σ. Three full reconstructions were performed, both be-
fore and after load cycling and for different values of
strain. For each the value of σ was less than 2% of
a particle diameter and approximately the same as in
Ref. [23], indicating a satisfactory fit of the tomogra-
phy data. From these reconstructions, spatial contact
density distributions were obtained, as shown in Fig. 3.
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Fig. 3 Spatial contact density distributions for lens assem-
blies. Contact points on every particle are binned by degree
of latitude, from 0 (the pole) to 45 (the edge). The distri-
butions are normalized to integrate to unity, and the black
line is the distribution that would result from contacts dis-
tributed uniformly across the surface area of a particle. Data
from three separate experiments are shown, with number of
compressions and applied strain as indicated.
2.2 Surface Metrology
We used a LEXT OLS5000 laser confocal microscope to
quantify changes in the micro-scale surface features of
the particles. Immediately after 3D printing and then
after every nine compression tests, 50 particles were
removed from the granular material to be scanned from
the top and 200 were removed to be scanned from the
side. The scanned surface area constituted about 0.5%
of the total surface area of all particles in the packing,
while the scanned edges were about 1% of the total
edge length, making the scans a small but statistically
representative sample.
Scans were taken with the 5× objective and 20µm
vertical steps, yielding height map data with 2.5µm
spacing between data points in the horizontal plane and
a nominal resolution of 30nm in height.
Each data point of the height map was placed in its
particle coordinate frame by numerically fitting an ideal
lens shape to the entire scan, thus removing the overall
particle curvature. Displacements normal to the ideal
particle surface were calculated for each point, and the
root mean square (rms) variation was used as a measure
for roughness.
This spatial roughness calculation corresponds to
the parameter Sq in surface metrology [25], calculated
as
Sq =
√
〈(z − z¯)2〉. (2)
Here z¯ is the average normal displacement and the
brackets indicate an average over the surface. We em-
ploy Sq for both lens body and edge, where the edge
roughness is extracted from a 50µm wide strip along
the equator in each scan.
3 Results & Discussion
In Fig. 1a the stress needed to plastically deform an
assembly of lens particles has dropped by more than a
factor of four after 27 compression cycles, and the angle
of internal friction, shown in Fig. 1b, has decreased by
almost 25 degrees, such that by 20 cycles the lenses sup-
port less shear stress than spheres. This evolution of the
lens particles lies in stark contrast to the tetrahedra and
spheres, for which after 19 and 30 compression tests, re-
spectively, the angle of internal friction decreased only
marginally from its starting value.
Computed tomography scans of the lens particles
provide hints at the origin of this rapid evolution with
load cycling. Neighboring lens particles frequently con-
tact each other in a brick-laying pattern, seen quali-
tatively in Fig. 2 and quantitatively in the excess con-
tacts partway down the side of the particle body, shown
in Fig. 3. Because the smoothly sloping face of the
lens lacks obstructing features, contacts midway down
the body of the particle draw their resistance to shear
predominantly from surface friction between particles.
There is an additional abundance of contacts at the
edges of particles, suggesting that the sharp equator of
the lens shape also plays an outsized role in supporting
shear stresses. The lens shape’s oblateness, which leads
to the stacked particle ordering, causes a strong resis-
tance to rotation about the particle’s major axis, as this
would require a high degree of local dilation. Because
of this, the particles are more likely to slide relative to
one another than to roll [26,2]. This leads to increased
grinding of the surfaces in contact and places more im-
portance on the surface roughness when accounting for
the assembly’s overall resistance to shear [27]. By con-
trast, tetrahedra and spheres would be more likely to
roll in response to shear since their rotation dilates the
surrounding volume less. In turn, this would slow the
pace of smoothing on the faces of the particles and lead
to a diminished dependence of shear strength on surface
roughness.
No significant changes in the contact distributions
are found between particles before and after 27 com-
pression runs, nor between the start and end of a com-
pression test (Fig. 3). That the contact distribution
changes so little between as-poured fresh and worn par-
ticles suggests that the evolution of the strength of the
lens assembly is not occurring at the mm-scale and is
not a direct result of how the particles pack together
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Fig. 4 Height deviations in the surface normal direction for
a lens particle fresh after 3D printing viewed from the top
(main) and from the side (inset). Both are displayed at the
same scale
to support shear stresses. Additionally, the lack of sig-
nificant change in the contact distribution between as-
poured assemblies and assemblies after 20% applied
strain indicates there is no disruptive restructuring of
the contact network during compression, which could
cause the drop in shear strength.
While the tomographic data indicate sliding, and
thus particle surface friction, as the primary agent of
shear strength for lens particles, the limited resolution
of the reconstructed assemblies prohibits a direct analy-
sis of the particle surface. To probe these smaller length
scales and directly quantify the degree of surface degra-
dation, high-resolution optical surface scans were used.
These scans immediately show imperfections in the
3D printing process that engender a rugged particle
surface (Fig. 4). Clearly apparent on the particle face
at this magnification are grooves between print ma-
terial layers in addition to accumulations of material
deposited during the printing and curing process. We
hypothesize that the jaggedness of these surface fea-
tures is the main source of friction between the parti-
cles, and that any smoothing of these features would
lead to lower friction and thus lower shear strength of
the assembly as a whole. Further, we reason that the
relative sliding between particles, driven by the plastic
deformation of the lens assembly under compression,
causes these features to grind and wear down gradu-
ally.
As demonstrated in Fig. 5, the roughness coefficient
Sq for lens particles indeed changes systematically with
successive compression cycles. Sq on the body of the
Fig. 5 Root mean square surface roughness Sq for both lens
edge and body as a function of number of compressions. Error
bars show the standard deviation of the distribution of values
in each case. Data points are offset slightly in the horizontal
direction for visual clarity.
particles decreases by about 15% after 27 compressions.
Near the edges the particle surfaces start out rougher,
but smooth out to a similar Sq value, undergoing a drop
by about 33%. To fully characterize surfaces at contact
and link this to a coefficient of friction in a quantita-
tive manner, more comprehensive analysis is required
[28,29,30]. Nevertheless, the decline in roughness Sq is
clearly measurable and correlates with the degradation
of shear strength of the assembly.
That edges smooth at a faster rate than the rest of
the particle surface is likely due to the preponderance
of contacts near the edge (Fig. 3) as well as the fact that
regions with higher curvature tend to erode faster than
regions with lower curvature, a phenomenon also used
to model pebble erosion [31,32]. On the freshly-printed
lens particles, the curvature is ∼ (5000µm)−1 and con-
stant everywhere but the edge, where it becomes two
orders of magnitude larger to reach ∼ (50µm)−1. Note,
however, that similarly sharp edges and corners also
exist in the tetrahedra. Any smoothing out of these
high-curvature features in the particle geometry, there-
fore, is likely not the primary reason for the loss of
shear strength seen in Fig. 1. Instead, the ability of
the lenses to change from high to low angle of internal
friction appears to be driven by decreasing surface fric-
tion. This, together with the oblate lens shape, favors
sliding. As Fig. 1b demonstrates, once the lens surfaces
have become sufficiently smooth, such sliding can lead
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to an angle of internal friction or, equivalently, a shear
strength of the granular assembly that is even lower
than that for spheres.
4 Conclusions
The wear experienced by 3D printed particles under
repeated compressive loading is found to drive system-
atic, controllable changes in their surface roughness. A
most striking outcome is how the sensitivity to sur-
face roughness depends on particle shape. The geom-
etry of the convex lenses strongly imposes a degree of
global ordering, shown in the tomography data (Fig.
2), whereby the particles tend to align their minor axes
with gravity. This alignment leads to an overabundance
of particle contacts midway down the body of the lens
and at the edge. The robustness of this spatial con-
tact distribution, combined with the oblique nature of
the particle contacts themselves, primes the assembly
to deform predominantly by sliding motion. Repeated
sliding then smooths out the particle surfaces and en-
hances the ability to slide. Finally, our finding that as-
semblies composed of more compact, less oblate parti-
cle shapes such as spheres and tetrahedra exhibit sig-
nificantly lower sensitivity than lenses to repeated load
cycling suggests new strategies by which to design gran-
ular materials that either experience wear in a prede-
termined way, or generate a desired global trend over
repeated plastic deformation cycles.
Our results highlight the complementary roles of
particle shape and particle surface properties in deter-
mining the macro- and microscale behavior of granu-
lar materials. Combining measurements of overall ma-
terial properties such as the strength under shear with
x-ray tomography and particle surface metrology opens
the door to performing detailed granular forensics. By
batch-processing large numbers of particles with laser-
scanning confocal microscopy we show that the history
of deformation as preserved in the patterns of wear on
the particle surfaces can be extracted in a statistically
meaningful manner. Our results also demonstrate the
importance of characterizing the surfaces of 3D printed
granular materials, especially when designing overall
properties by way of particle shape [33,34,35].
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